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Topological quantum phases cannot be characterized by local order parameters in the bulk. In
this work however, we show that non-analytic signatures of a topological quantum critical point
do remain in local observables in the bulk, and manifest themselves as non-analyticities in their
expectation values taken over a family of non-equilibrium states generated using a quantum quench
protocol. The signature can be used for precisely locating the critical points in parameter space.
A large class of initial states can be chosen for the quench, including finite temperature states.
We demonstrate these results in tractable models of non-interacting fermions exhibiting topological
phase transitions in one and two spatial dimensions. We also show that the non-analyticities can
be absent if the gap-closing is non-topological, i.e., when it corresponds to no phase transition.
Introduction : A quantum phase transition is typically
associated with a non-analytic change of the physical
properties of the system characterized by a local order
parameter measured over the ground state of its Hamil-
tonian as a function of a tuning parameter. [1, 2]. The
signatures of the criticality are also generically not ex-
pected to be present in excited eigenstates with finite
energy density. A topological quantum phase transitions
(TQPT) by contrast, does not have a local order param-
eter in the bulk which can distinguish the two adjacent
phases. Different topological phases are characterized by
different values of certain topological invariants[3–8] and
non-local string order parameters [9, 10].
In this work, we present a counterintuitive connec-
tion between TQPTs and their signatures in out-of-
equilibrium states which are manifestly outside the
ground state manifold of the family of Hamiltonians con-
sidered. We show that, local observables in the bulk can
show non-analytic signatures marking the ground-state
TQPT, where the non-analyticities are observed over a
family of highly excited states with finite energy densi-
ties. Specifically, we work with non-interacting fermionic
models where TQPTs can entail conventional QPTs (de-
scribed by bulk order parameters) via transformations
(such as Jordan-Wigner) which are crucially non-local.
Identifying the (transformed) bulk order parameter, and
hence the transition, turns out to be difficult. Our proto-
col provides a robust prescription for locating the critical
point even in such cases via the non-equilibrium foot-
prints described in this work. Interestingly, the signa-
ture is found to be absent in a case of non-topological
gap closing, constructed in this work, which corresponds
to no real phase transitions, indicating its ability to dis-
tinguish between a true phase transition point and an
“accidental” gap closing.
Interestingly, manifestation of a QPT via singular sig-
natures far from equilibrium is one most intriguing cur-
rent issue. Our analysis lays down a non-equilibrium
scheme for the detection of equilibrium critical points,
and hence is distinct from the physics of dynamical quan-
tum phase transitions [11–19], a priori unrelated to equi-
librium critical points [20]. Unlike our non-analytic sig-
natures, these are absent at finite temperatures [21].
Also, our results are distinct from the excited state-QPTs
based on DOS effects. [22–25]
The concrete models we work with are archetypical
models hosting TQPT, namely, the Su-Schrieffer-Heeger
model[26] (SSH) and the Kitaev p-wave superconducting
chain [27] (p-SC) in 1D which belong to the symmetry
class BDI, and Haldane’s honeycomb model[28] in 2D,
which belongs to class A.
Our non-equilibrium protocol [29] consists of the fol-
lowing steps. We consider a family of Hamiltonians
parametrised by a coupling λ, such that there is a TQPT
as a function of λ at the critical point, λ = λc. We start
with a state characterised by some initial Hamiltonian
H(λi) (for example, one of its eigenstates or a finite tem-
perature state), and quench it by instantaneously chang-
ing the parameter from λi to λf . Following the quench,
the system relaxes to a steady state, which can be ef-
fectively described by a density matrix, ρ(λf ), diagonal
in the eigenbasis of H(λf ) for the purpose of computing
expectation-value of local observables on it (correspond-
ing to the diagonal ensemble) [30]. We track the expecta-
tion value of local bulk observables 〈Oˆ〉 = Tr[Oˆρ(λf )] as
a function of λf . We find that 〈Oˆ〉 reflects the equilibrium
topological quantum critical points via a non-analyticity
in its behavior at λf = λc. A large class of initial states
can be used for the quench, since the sufficient condi-
tion for obtaining the signature turns out to be an occu-
pation gradient across the energy at the gapless modes,
which can be achieved by controlling the filling fraction
or by any finite temperature thermal state. This also
makes our proposal pertinent for realizations in experi-
ments similar to a recent quench experiment [31].
General structure in momentum space: Hamiltonians
of the aforementioned one- and two-dimensional systems
are translation-invariant and bi-partite in nature, and
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2can hence be represented in Fourier space by indepen-
dent two-level systems - each corresponding to a par-
ticular momentum mode. In terms of the basis vectors
(|k, A〉, |k, B〉)T spanning the Hilbert space of a k-mode,
the two-level Hamiltonian is
Hk({λ}) = d0,kI2 + dk({λ}) · σ, (1)
where A and B denote the two pseudospins (which
could be sublattices for bi-partite systems or particle-
hole pairs for superconducting systems) and the σs are
the usual Pauli matrices. The Hamiltonian in Eq.(1)
has two eigenvalues given by ε±,k = d0,k ± |dk| and
the corresponding eigenvectors are denoted by |ek〉 and
|gk〉 respectively. We start with a finite temperature
mixed density matrix corresponding to the initial Hamil-
tonian Hi = H({λi}) given by ρ(t = 0) = ⊗
∏
k ρi,k,
with ρi,k = W−,k|gi,k〉〈gi,k| + W+,k|ei,k〉〈ei,k|, where
W±,k are the Boltzmann weights given by W±,k =
e−βε±,i,k/(e−βε−,i,k + e−βε+,i,k). Note, that Tr[ρi,k] = 1
for every k so that the system is half-filled.
Evolution of ρi withHf , ρ(t) = e−iHf tρieiHf t after the
quench eventually leads to the diagonal ensemble repre-
sented by a density matrix of the form ρ∞ = ⊗
∏
k ρk,∞,
where
ρ∞,k =
1
2
[
I2 + (W+,k −W−,k)di,k · df,k
di,kd2f,k
df,k · σ
]
.
(2)
The expectation value of any local operator O infinite
time can be calculated as
〈O〉 = 1
2pi
∫
dk Tr[ρ∞,kOˆk], (3)
where the decomposition into the k-modes is possible be-
cause we consider translation invariant operators.
〈O〉 is then studied as a function of λf , the final param-
eter to which the system is quenched, a non-analyticity
is observed when λf = λc. A natural choice of local
observable is the energy difference between the initial
and final states, measured with respect to a Hamilto-
nian corresponding to any point λm in parameter space.
Formally, this energy difference is defined as ∆E =
Tr[Hmρ∞] − Tr[Hmρ0]. Note that, we keep λm fixed as
we vary λf . In fact, any local observable which does not
commutes with Hf can capture the non-analyticity, The
non-analytic signatures persist for any finite temperature
initial state (though attenuated as the temperature is in-
creased). Note that, for conventional QPTs, the energy
of ground state of H(λ) measured with respect to H(λ)
itself shows a non-analytic behavior at λ = λc
TQPT in 1D : This section presents the results for the
SSH chain along with a simple physical picture to explain
the origin of the non-analyticities while the details are
relegated to the supplemtary material.
The SSH model is described by the tight-binding
Hamiltonian HSSH = −
∑
l[cˆ
†
l,Acˆl,B + λcˆ
†
l,B cˆl+1,A + h.c.],
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FIG. 1. Locating the topological phase transition using non-
equilibrium signatures (the 1D case): (a) ∆E for the SSH
chain plotted for zero-temperature for λi = 0 and two differ-
ent values of λm. The non-analyticities can be clearly seen
at the critical points λc = ±1 denoted by the dashed vertical
lines. (b) ∆E for the SSH chain for λi = 0 and λm = 1.5
for different temperatures. The non-analyticities are present
at any finite temperature. (c) The off-diagonal (in sublat-
tice space) correlators are plotted for the SSH chain which
also show non-analyticies at the critical point. (d) The non-
analyticities in the local correlators also survive the finite tem-
perature ensemble average.
which corresponds to the reciprocal space Hamiltonian
(1) with dxk = 1 + λ cos k; d
y
k = λ sin k; d
z
k = 0 = dk,0.
The model has two critical points, at λ = ±1, with gap-
less modes at k = pi and k = 0 respectively. The en-
ergy difference ∆E is plotted in Fig.1(a)-(b) for different
values of the parameters and temperatures, showing the
non-analytic behavior at the critical point.
The non-analyticity in ∆E as function of λf appears as
a kink at the critical point: the second-derivative of ∆E
with respect to λf diverges at the critical point, as can
be seen by expanding the second-derivative of ∆E with
respect to λf around the gapless mode at the critical
point. We take the critical point at λf = 1, and expand
in powers of κ = k − pi. We find that
∂2(∆E(κ))
∂λ2f
∣∣∣∣∣
λf=1
=
C−2
κ2
+ C0 + C2κ
2 + . . . . (4)
Hence, while the quench protocol populates higher-
excited eigenmodes of HSSH(λf ), the dominant contribu-
tion to the non-analyticity of ∆E comes from the gapless
mode kc.
The mechanism of the non-analyticity can be under-
stood by looking at the mode-by-mode overlap of the ini-
tial state with the eigenstates ofHSSH(λf ) across the crit-
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FIG. 2. (a)The overlap χk(λi, λf ) plotted as function of k for
different values of λf for a fixed λi = 0.5. The overlap at the
gapless mode k = pi stays pinned to one when λf is on the
same side of the critical point as λi, and it switches to zero
otherwise. (b) The pseudospin texture is schematically shown
on the band dispersion for two values of λ on two different
sides of the critical point, which shows that the states at the
gapless mode become orthogonal across the critical point. For
the plots  is chosen to be 0.1.
ical point. For simplicity of illustration, we start with the
ground state of HSSH(λi) (|ψ(t = 0)〉 = ⊗
∏
k |gk(λi)〉).
We define the overlap as χk(λi, λf ) = |〈gk(λi)|gk(λf )〉|2
and plot it as a function of k for different values of λf in
Fig.2(a). As long as λf stays on one side of the critical
point, the overlap at the gapless mode (kc = pi) stays
pinned to one, even when it is arbitrarily close to the
critical point. However as soon as the critical point is
crossed, the overlap jumps to zero discontinuously, where
it stays pinned.
This discontinuous jump can be understood via the
pseudospin textures (in sublattice space) at the gapless
mode across the critical point. Since the SSH chain is
a bi-partite system, one can simply compute the pseu-
dospin textures by taking the expectation values of the
Pauli matrices with respect to the eigenstates of the
Hamiltonian. These textures shown in Fig.2(b-c) at the
gapless mode (k = pi) for the parameter value λ = 1 + 
take the form
〈gpi(1 + )|σ|gpi(1 + )〉 = {sgn(), 0, 0}. (5)
The sign function ensures that across the critical point,
the states at the gapless mode are orthogonal to each
other, which manifests itself in the overlap switching from
one to zero suddenly as the parameter is varied across the
critical point.
The above arguments show that the non-analyticity in
the observables at the critical point comes from fact that
the gapless mode is occupied and the nature of the state
at the mode changes in a discontinuous way across the
transition. This corroborates the earlier claim that it is
not necessary to start from the ground state of Hi, which
also explains why the non-analyticities survive the finite
temperature ensemble average.
In order to show that the non-analyticity hiding in the
final density matrix can be captured by almost any local
observable we also calculate local correlation functions
following the quench. Note that the reciprocal space
Hamiltonian of the SSH chain is always restricted to the
x-y plane in sublattice space and hence any correlator
which is diagonal in sublattice space (∝ σz) has zero
expectation value. Hence we calculate off-diagonal cor-
relations defined as Gˆr =
∑
l〈c†l,Acl+r,B〉. As expected
these correlations also show non-analyticies of the same
form as ∆E and they also survive the finite temperature
ensemble averaging as can be seen in Fig.1(c)-(d).
To conclude the section we state the results for the
case of the Kitaev p-SC chain. Since the Hamiltonian is
superconducting, it does not conserve particle number.
Hence, apart from the energy and local correlations, the
fermion density difference after the quench at t→∞ also
shows a non-analytic signature of the TQPT[32].
TQPT in 2D : In this section we investigate the sit-
uation in higher spatial dimensions. It is interesting
to note that our quench protocol succeeds in detect-
ing TQPTs via local bulk observables, whereas it is
known that the topological properties of a state does
not change following a quantum quench although in-
dications of the TQPT can be found by studying the
topological edge responses [33, 34]. We consider Hal-
dane’s honeycomb model described by the Hamiltonian
HHM = −t1
∑
〈i,j〉[c
†
i cj +h.c]− t2
∑
〈〈i,j〉〉[e
iφc†i cj +h.c]+
M
∑
i[c
†
i,Aci,A − c†i,Bci,B ], where the nearest neighbour
hopping is real and the next-nearest neighbour hop-
ping has a complex phase φ encoding the staggered
flux through each plaquette. The model has critical
lines in parameter space given by the relations M =
±3√3t2 sinφ. The reciprocal space Hamiltonian can
be written again in terms of the Pauli matrices with
coefficients dxk = −t1(1 + cos k2 + cos(k2 − k1)), dyk =
t1(sin k2+sin(k2−k1)), dzk = M−2t2 sinφ(sin k2−sin k1−
sin(k2 − k1)), where k = (k1, k2) are the reciprocal lat-
tice vectors. The gapless modes corresponding to the two
critical lines are at ( 4pi3 ,
2pi
3 ) and (
2pi
3 ,
4pi
3 ).
Apart from the energy difference as before, the other
local observable we calculate is the difference between
the number of fermions on one sublattice before and af-
ter the quench, ∆NA = Tr[ρ∞NˆA] − Tr[ρ0NˆA], where
NˆA =
∑
l c
†
l,Acl,A. Note that it differs from the stag-
gered occupation operator NˆA− NˆB by a constant as the
total number of fermions is a constant of motion. In the
parameter space of the model, for simplicity, we keep φ
fixed and quench M . However, the non-analyticities if
present would show up across any quench path across
the critical line.
The presence or absence of non-analyticities in the ex-
pectation values of observables can be studied by look-
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FIG. 3. Locating the toplogical phase boundary using
a non-equilibrium signature in the bulk (the 2D case):
(a)∂2∆E/∂M2f and (b)∂
2∆NA/∂M
2
f diverge at the critcal
points (marked by the vertical dashed lines) indicating that
∆E and ∆NA have a kink there. (c-d) Reconstruction of the
phase boundaries using the location of the divergence. The
thick dotted lines mark the equilibrium transition for the left
(symmetric) half of the phase diagram for comparison.
ing at the derivatives of these quantities with the final
value of the quench parameter. As in Eq.(4) we ex-
pand the second derivative of the expectation values of
the observables around the gapless mode at the critical
parameter values. Expressing k1 = kc,1 + κ cos θk and
k2 = kc,2 + κ sin θk, we can perform the expansion in
powers of κ
∂2(∆E(κ))
∂M2f
∣∣∣∣∣
Mf=3
√
3t2 sinφ
=
C−2
κ2
+
C−1
κ
+C0+C2κ
2+. . . .
(6)
The nature of the non-analyticity (kink) in the observ-
ables depends on the divergence of its second derivative
with λf calculated for the gapless mode at λf = λc, and
the integral measure in Eq.(3). It is apparent (see Eqs.(4)
and (6)) that the non-analyticity is weaker in 2D com-
pared to 1D.
Non-topological gap-closings: In this section we demon-
strate a situation where there exists a non-topological lin-
ear band touching, which does not give rise to any non-
analytic signature. Such non-topological gap closings can
be studied in a particular two-leg ladder with complex
hoppings. Its reciprocal space Hamiltonian takes the
form
HNT (k) = − sin kσx+(1−cos k)σy+[1+cos k+2 cosλ]σz.
(7)
The model has a gap closing at λc=pi at kc=0. How-
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FIG. 4. (a) The energy absorbed, ∆E, is smooth across the
gap-closing for the non-topological case. (b) The overlaps at
the critical mode stay at one irrespective of which sides of the
gap-closing λi and λf lie.
ever, the sign of the effective mass at the gapless mode
2(1 + cosλ) remains non-negative so that the gap closing
does not change the topological properties of the band.
Consequently, the pseudospin texture in the BZ also does
not change suddenly across the gap-closing and in fact at
the gapless mode always stays pinned at 〈σ〉 = {0, 0, 1}
for the lower band. This results in the overlap χk(λi, λf )
also being pinned to one (see Fig.4) and hence there is
no sudden change. This manifests itself in the smooth
behavior of ∆E across the gap closing as shown in Fig.4.
Hence, any non-analytic behavior as described in our pro-
tocol would signal the presence of a topological quantum
critical point.
Conclusions and outlook : In this work, we have shown
that non-analytic signatures of topological quantum
phase transition in non-interacting fermionic systems are
manifesting in local observables measured on excited
states with finite energy densities obtained via a quantum
quench. We have shown that the non-analytic signatures
originate from the non-analytic change of the effective
pseudospin texture at the gapless mode across the crit-
ical point, hence the crucial ingredient for observation
of the signatures is an occupation gradient across the
energy of the gapless mode. We have found that a gap
closing alone is not enough to show the signatures, rather
there has to be a phase transition (which is a topological
one for non-interacting fermions) for the signatures to be
present.
Our findings can be experimentally realised in quan-
tum quench experiments such as in Ref.[31] designed to
study quantum quenches in translation invariant two-
level systems, just like the ones treated in our work.
The two-component spinor corresponding to each k-mode
forms a unit vector parameterised by two angles on the
Bloch sphere, which is measured in the experiment as a
function of time. Hence, the full information of the quan-
tum state can be extracted and expectation values of any
local observable consequently reconstructed. Although
the non-analyticities reported in our work are strictly
5observed only after infinite evolution times, sufficiently
sharp signatures can be expected within the experimen-
tally accessible time-scales of coherent evolution (see sup-
plementary material).
Even though TQPTs in non-interacting fermionic
models often correspond to conventional phase transi-
tions related via non-local transformations, our protocol
does not depend in which representation the transition
is topological. As these signatures are not present, if
the gap-closing in the non-interacting fermionic model
does not lead to a change in the topological nature of
the underlying energy bands participating in the gap-
closing, spin-models corresponding to such free fermion
models have their Hamiltonian parameters restricted in
such a way that they are confined to either the ordered
or the disordered regimes in their phase diagram. Hence,
one could also conjecture that any order-disorder phase
transition, if it possesses a bonafide single-particle rep-
resentation, will turn out to be a topological one in the
non-interacting picture. This is consistent with the gen-
eral picture proposed in a study for bulk phase transi-
tions [29], which says that even non-equilibrium expec-
tation values of local observables in the diagonal ensem-
ble of H(λf ) are smooth functions of λf within an equi-
librium phase (defined by local/topological ordering of
the ground state), and generally exhibit non-analyticities
only at the phase boundaries. The non-analyticities in
the local observables can be traced back to those in the
(extensive number of) Lagrange multipliers characteris-
ing the generalised Gibbs ensemble describing the steady
state of the integrable systems. Whether the few La-
grange multipliers (for instance, the effective tempera-
ture) that describe the Gibbs ensemble for interacting
systems have a non-analyticity as well, with a concomi-
tant signature in local observables, will require a detailed
investigation which we leave as an intriguing subject for
future work.
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SUPPLEMENTARY MATERIAL
DEMONSTRATION OF THE RESULTS USING THE SSH CHAIN
In this section, we show the workings of the calculations leading to the non-analyticities. For the purpose of
demonstration, we choose to show the details of the energy difference calculations and specifically work out the results
for the SSH chain. Following the notation of Eq. (1) of the main text, the initial and the infinite time density matrices
can be expressed as
ρ0,k =
1
2
[
I2 + (W+,k −W−,k)di,k · σ
di,k
]
, (8)
ρ∞,k =
1
2
[
I2 + (W+,k −W−,k)di,k · df,k
di,kd2f,k
df,k · σ
]
. (9)
Let us choose a local observable for our purpose, which is Hm ≡ H(λm) =
∑
kHm,k =
∑
k[d0,m,kI2 +dm,k ·σ]. Then
the energy of the system before and after the quench is given by
E0 =
1
2pi
∫
dk Tr[ρ0,kHm,k] = 1
2pi
∫
dk
[
d0,m,k + (W+,k −W−,k)di,k · dm,k
di,k
]
, (10)
E∞ =
1
2pi
∫
dk Tr[ρ∞,kHm,k] = 1
2pi
∫
dk
[
d0,m,k + (W+,k −W−,k)di,k · df,k
di,k
df,k · dm,k
d2f,k
]
. (11)
From Eqs. (10) and (11), it is easy to see that ∆E = E∞ −E0 is zero for λf = λm, one of the results stated in the
main text.
For the SSH chain, ∆E turns out to be
∆E =
∫ 2pi
0
dk
(W+,k −W−,k)(λf − λi)(λf − λm) sin2 k(
λf
2 + 2λf cos k + 1
)√
λi
2 + 2λi cos k + 1
. (12)
For simplicity of presentation, we take λi = 0 = λm (orange curve in Fig. 1(a) of main text). With these parameters,
Eq. (12) turns out to be of the form
∆E =
pi
2
[
(λ2f + 1)− (λf + 1)2
∣∣∣∣λf − 1λf + 1
∣∣∣∣] =
{
piλ2f ; |λf | < 1
pi; |λf | > 1
, (13)
7which clearly shows that the first derivative of ∆E with respect to λf is discontinuous at the critical points λc = ±1,
and hence the non-analyticity.
For other values of λi and λm, a closed form expression is difficult to write, however a pole-structure analysis of
the integral in Eq. 12, similar to Ref. [28] of the main text shows the mathematical origin of the non-analyticities.
SIGNATURES AT FINITE TIMES
As discussed in the main text, our results can be experimentally verified via quantum quench experiments similar
to the one in Ref. [31]. Our results show that the non-analyticities at the critical points appear in the limit of
inifite time following the quench as the density matrix describing the state appoaches the one corresponding to the
diagonal ensemble. At finite times, the non-analyticities are dressed by the off-diagonal contributions. However,
explicit calculations show that even at finite times accessible in experiments, the critical points can be identified even
though the cusp present at infinite times is rounded off. For instance, in Fig. 5 we show ∆E for the SSH chain at
different times t (measured in units of inverse hopping). At time scales achieveable in the experiment in Ref.[31],
namely t = 10 and t = 20, one can identify the critical points from the change in nature of the functions around
λf = ±1. The emerging cusp is already clearly discernible at t = 100.
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FIG. 5. (a) ∆E as a function of λf for the SSH chain at finite times for λi = 0. The times are quoted in units of inverse
hopping. The result for t = 100 (dashed) already shows a rather sharp signature of the critical point similar to the Fig. 1(a) of
the main text. At finite times, the critical point can still be clearly located by the qualitative change of the λf dependence of
∆E. (b) Approach to the diagonal ensemble value. The relative difference between the finite time and the diagonal ensemble
results is plotted against time.
RESULTS FOR KITAEV P-WAVE CHAIN
In this section we show that the non-analytic signatures of TQPT are present in the Kitaev p-SC chain. The
Hamiltonian of the model is given by
Hp−SC = −
∑
i
[c†i ci+1 + h.c] + λ
∑
i
c†i ci+∑
i
[∆SCc
†
i c
†
i+1 + h.c],
(14)
where λ, the chemical potential is our quench parameter and ∆SC is the superconducting order parameter. The
coefficients of the Pauli matrices in reciprocal space Hamiltonian are
dxk = 0 = dk,0; d
y
k = ∆SC sin k; d
z
k = − cos k − λ, (15)
where the basis now is (|k〉, | − k〉)T . This model has a phase transition between a topological superconducting phase
and a normal superconducting phase at λc = ±. The model being a superconducting one does not conserve fermion
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FIG. 6. (a) ∆E calculated for the Kitaev p-SC chain shows the non-analyticities at the critical points (denoted by the black
dashed lines) at different temperatures. For simplicity we use λm = λi = 0. (b) The fermion number difference for the same
model calculated using Eq.(16) also shows non-analyticities at the critical points.
number which naturally suggests a local observable which is experimentally relevant, namely the difference in the
number of fermions before and after the quench, ∆N = Tr[Nˆρ∞] − Tr[Nˆρ0], where Nˆ is the total fermion number
operator. ∆N turns out to be
∆N =
∫ 2pi
0
dk (W+,k −W−,k)di,k · df,k
di,kd2f,k
dzf,k, (16)
where the vectors dk(λ) are given by Eq.(15). The difference in fermion number also shows a sharp kink at the critical
points like the energy difference. As before these non-analyticities are robust towards a finite temperature ensemble
average. These non-analyticities can be seen in Fig.6.
